2025 IEEE Globecom Workshops (GC Wkshps) | 979-8-3315-6741-5/25/$31.00 ©2025 IEEE | DOI: 10.1109/GCWkshps68340.2025.11591018

2025 IEEE Globecom Workshops (GC Wkshps): Workshop on Channel Coding beyond 5G

Permutation Successive Cancellation Decoding of
U-UV Codes

Jingyu Linf*, Li Chen'?, Fangbo Yif*, Xiaogian Ye'?,
T School of Electronics and Information Technology, Sun Yat-sen University, Guangzhou, China
! Guangdong Provincial Key Laboratory of Information Security Technology, Guangzhou, China
Email: linjy228 @mail2.sysu.edu.cn, chenli55 @mail.sysu.edu.cn, yifb@mail2.sysu.edu.cn, yexq26@mail2.sysu.edu.cn

Abstract—U-UV codes are good-performing short-to-medium
length channel codes constructed by several small component
codes. They are coupled through the (U|U + V) recursive
structure. With ordered statistic decoding (OSD) for the BCH
component codes, the successive cancellation list (SCL) decoding
of U-UV codes can outperform that of the cyclic redundancy
check (CRC)-polar codes. This paper shows the U-UV codes
can be interpreted by block polynomial evaluation and further
establishes the equivalence between permutations of component
code indices and that of codeword block indices. Based on
this understanding, permutation successive cancellation (PSC)
decoding of U-UV codes is further proposed. By permuting
blocks of received symbol sequence, extra successive cancellation
(SC) decoding can be performed, resulting in the proposed PSC
decoding. It can outperform the SC decoding by yielding more
codeword estimations. A subsequent U-UV code design tailored
for PSC decoding is also proposed, which can further increase
the decoding performance gain.

Index Terms—generalized concatenated
medium length codes, U-UV codes

codes, short-to-

I. INTRODUCTION

The next generation communication networks will enable
ultra-reliable and low-latency data transmission, in which
good-performing short-to-medium length (SML) channel codes
are needed. The currently known competent SML channel
codes include BCH codes [1] [2], tail-biting convolutional
codes [3], cyclic redundancy check (CRC)-polar codes [4]-[6]
and polarization adjusted convolutional (PAC) codes [7]. Re-
cently, U-UV codes were proposed as another good-performing
SML code [8]-[15]. It is constructed by several component
codes of equal length, which are called the U codes and V
codes. They are coupled through the (U|U + V) recursive
structure. This construction is also known as Plotkin construc-
tion [8]. For simplicity, we refer as the U-UV construction.
This construction also results in polarized subchannels, each
of which conveys a component codeword under this U-UV
code paradigm. Rates of the component codes can be designed
based on the subchannel capacities [11] [13] [16]. The U-UV
codes can also be interpreted as the generalized concatenated
codes (GCCs), in which the component codes and the polar
codes are the outer codes and the inner codes, respectively
[16]. It has been shown that successive cancellation list (SCL)
decoding of the BCH based U-UV codes can outperform that
of the CRC-polar codes [11].

In practical implementations, part of SCL decoding com-
plexity and latency come from decoding path management, i.e.,
path sorting and pruning. Addressing this challenge, successive
cancellation (SC) decoding of polar codes based on permuted
factor graphs was proposed in [17]. It runs several instances
of SC decoding over the permuted versions of the received
symbol sequence in parallel, which is called permutation SC
(PSC) decoding. Automorphism group of polar codes, which
is a group of permutations that map a codeword into another,
was introduced to enhance the PSC decoding performance
[18]-[20]. The SC-invariant affine automorphisms were further
investigated to improve the PSC decoding efficiency [20]-
[23]. For U-UV codes, soft decision decoding based on hidden
codewords was proposed in [24]. It utilizes several decoding
variants, each of which starts with decoding a different hidden
codeword. Different hidden codewords can be uncovered by
superimposing different segments of the U-UV codeword,
which can be equivalently realized as SC decoding over several
modified factor graphs. This paper focuses on SC decoding
based on modified factor graphs that are obtained through
permuting factor graph layers. They can be equivalently real-
ized by performing SC decoding on permuted received symbol
sequence.

This paper proposes the block polynomials for U-UV codes,
which help establish the equivalence between permuting the
component code indices and permuting the codeword block
indices. Based on this understanding, PSC decoding of U-
UV codes is further proposed. By permuting blocks of re-
ceived symbol sequence, extra SC decoding can be performed,
resulting in the proposed PSC decoding. It can outperform
the SC decoding by yielding more codeword estimations.
A subsequent U-UV code design tailored for PSC decoding
is also proposed, which can further increase the decoding
performance gain.

II. PRELIMINARIES

A. U-UV Codes

Let the U code and V code be two linear block codes of
length n with dimensions ky and kv, respectively. The one-
level U-UV code of length 2n and dimension ky + kv is
constructed as [8]

{(u|u+v);u e Cu,velyv}, (D
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Fig. 1. Recursive construction of an m-level U-UV code.

where Cy and Cy denote the codebooks of the U code and V
code, respectively. In this work, they are primitive BCH codes.
A multi-level U-UV code can be constructed by extending this
construction recursively through involving more component U
codes and V codes, as is illustrated in Fig. 1. An m-level U-
UV code consists of 2" component codes. Let U; denote the

i-th component code, where ¢ = 0,1,--- ,2™ —1. It is a BCH
code of length n and rate R; = k;/n. The m-level U-UV code
has a length of NV = 2™n and a dimension of K = 22 ks

SC decoding of U-UV codes can be realized by recurswely
computing the received log-likelihood ratio (LLR) vector with
respect to each BCH component code and then decoding it
with a particular algorithm for the BCH code [11] [13]. To
further realize SCL decoding, the component code decoding
shall provide a codeword estimation list, e.g., the ordered
statistic decoding (OSD) [25] can realize this and is especially
competent in decoding BCH codes [11] [13]. In this work, we
consider both the Berlekamp-Massey (BM) [26] [27] decoding
and the OSD for the BCH component codes. The BM algorithm
is selected for its low decoding complexity, while OSD is
chosen for its high decoding performance. Integrating with the
SC or SCL decoding for the inner polar codes, the decoding for
the U-UV codes include the SC-BM, SC-OSD and SCL-OSD
decoding.

B. Code Design

The U-UV code design is realized through determining
its component code rates. Let W, denote the i-th polarized
subchannel that conveys component code U,. Let R; denote
the maximum transmission rate of subchannel W;. If

R; <Ry, @)

decoding error probability of U; can be arbitrarily small. When
component codeword length n is sufficiently large, R; can
be characterized by the polarized subchannel capacity I(W;).
But without this prerequisite on n, R; deviates from the
capacity due to channel dispersion, resulting in the finite length
transmission rate over the subchannel [28]. Hence, it is used to
characterize R; instead [13]. With equivalent noise variances
of the subchannels estimated by Gaussian approximation (GA)
[16], subchannel capacity I(W;) can be determined. With a
desired error probability P, the maximum transmission rate
of subchannel W; is [28]

N

log2n

——); €)

where Q71(-) is the inverse of Q-function, and V; is the
subchannel dispersion. Subsequently, the component code rate
R; can be determined based on (2).

To optimize decoding performance, the equal error probabil-
ity rule should be further adopted to adjust the component code
rates [13] [16]. Decoding performances of all component codes
should be aligned since the worst performing component code
is the decoding bottleneck of the U-UV code. For the SC-OSD
or the SCL-OSD decoding, the theoretical maximum likelihood
(ML) decoding error probability of the component codes can be
applied, since OSD provides a near-ML decoding performance
for these component codes. With the subchannel equivalent
noise variance and the weight spectrum of BCH codes [29], the
tangential bound [30] can be applied to characterize their ML
decoding error performances [13]. For the SC-BM decoding,
the BM decoding error probability of a BCH component code
can also be estimated. Let p; denote the error probability of an
uncoded bit conveyed by subchannel W;. For a length-n BCH
component code correcting up to t; errors, its decoding error
probability is

Pg; = Z (j)pz (1= py)" . (€]

j=ti+1
The overall decoding error probability of the U-UV code can
be estimated by

2m—1

Poov=1- [ (1= Psi). &)
i=0

Applying the equal error probability rule, the component codes
are designed through minimizing Py.yy.

III. PERMUTATION DECODING

A. Block Polynomials of U-UV Codes

Constructed via the U-UV recursive structure, the codeword
of an m-level U-UV code can be decomposed into 2™ blocks
of length n. Each block is formed through the superposition of
specific component codewords, which can be represented by
the evaluation of a polynomial. This polynomial is defined as
the block polynomial of the U-UV code. Let the monomial set

be
= {x

A one-level U-UV code constructed as in (1) can be denoted
by

{(9(0) 19(1));

where g(xg) is the block polynomial of the U-UV code. For
m > 2, the block polynomial of an m-level U-UV code is

: am 1|(a0a’ o ;am—l) S ]Fgl} (6)

(wo)—u—&—vxo,ueCUwECV} @)

axm—l)

axm—Z) + g2(x0a o

g(x07 e
:gl(xo, “ee

®

, xm—Q)xm—lv

where g; and go are the block polynomials of two (m—1)-level
U-UV codes. Hence, based on induction, the block polynomial
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of an m-level U-UV code is
om_1 _
g@o,wmer) = Y way sl O)
i=0

where u; € U; is the i-th component codeword, and
(i, yim—1) € FJ* is the binary composition of i. The U-
UV codeword c can be represented by

c=(co,c1, -+ ,Cam_1), (10)

where each length-n coded block ¢; = ¢(jo," - ,jm—1) and
(Jo,-+* ,Jm-1) € F5* is the binary composition of j. Fig. 2
shows the block polynomial of a 2-level U-UV code.

L w JOCw JL w JC w ]

) 4 b
»{ »(l

A 4 A 4 A 4 A
[ 91(x0) = uo + U1 X ] [ 92(x0) = Uz +Uzxy ]

).
>
N

L

) 4

«—De
A~

y A 4
[ (X0, %1) = Ug + Uy Xg + UpXy + UsXoXy ]

Fig. 2. Block polynomial of a 2-level U-UV Code.

B. From Permutations of Component Codes to Permutations
of Codeword Blocks

Let m denote a permutation of the binary composi-
tion (ig, -+ ,4m—1). Let II(¢) further denote the inte-
ger that corresponds to the permuted binary composition
(ix(0)> " »in(m—1)). The following lemma establishes the
relationship between permuting the component code indices
and permuting the codeword block indices of U-UV codes.

Lemma 1. For an m-level U-UV code C with length-n
component codes, applying bit permutation II on its component
code indices is equivalent to applying the same permutation on
its length-n codeword block indices.

Proof: Applying permutation II on the component code in-
dices of C, one can obtain another U-UV code C’ with block
polynomial

2m_1
/ _ %0 Tm—1
9 (o, X)) = E U ()T Ty
i=0
2m_1 ] _
v_—1 T—1
_ } : 7=1(0) 7=1l(m-1)
= uixo e ‘(I;’ITL71
1=0
2™ -1 ) )
(3 —1 3 —1
_ lwE—lo) | tr(e—l(m—1))
= E : Uil o) Lr(m—1)
i=0
2m_1
_ . io . 74.711—1
= E: WUilo0) " Tr(m—1)
i=0
:g(xﬂ'(O)a"' 7x7r(m71))7 1
(1D
where 7~1 is the inverse of m. Therefore, given a U-UV

codeword ¢ € C as in (10), there exists another codeword

¢’ € C’, which is

cd =(c,,c, -, Chm_
( 0 1 2 1) (12)
= (em(o), ey, * > Crr2m—1))s
as , o .
c;=g(o, s jm-1)
= 9(Jn(0)> > Jm(m-1)) (13)
= Crgj)-

Hence, applying permutation I on the indices of the length-n
blocks of ¢ transforms it into a codeword of C'.
O

Based on Lemma 1, any codeword from one U-UV code
can be converted into a codeword of another U-UV code that
is constructed through permuting the same set of component
codes. This implies that SC decoding can be performed on
multiple trials, each of which under a different component code
order. The inheriting diversity in codeword estimations enables
a new list decoding approach.

C. PSC Decoding of U-UV Codes

Assume that a U-UV codeword ¢ = (cg,c1,++ ,Comp—1) €
F2"" is transmitted through a discrete memoryless channel us-
ing binary phase shift keying (BPSK) modulation of mapping:
0~ 1;1 — —1. Let L = (Lo, Ly, ,Lomp_1) € R
denote the received LLR vector. It can be partitioned into 2™
blocks of length n, i.e.,

L= (Lo, Ly, ,Lam_1), (14)

where L; € R™ and 0 <7 < 2™ — 1. Applying II on the block
indices of L, one can obtain

L, =1I(L)
= (Lu(0), Lri(ry, -+ 5 Lrram—1y)-

It can be regarded as the received LLR vector of the U-UV
code with component codes

s)

Unoy, Unys -+ » Ungm—1)- (16)

It should be pointed out that the component code rates of
the original U-UV code are designed based on the maximum
transmission rates of the polarized subchannels. Permuting the
indices of component codes will result in a mismatch between
the component code rates and the maximum transmission rates
of the polarized subchannels. Hence, SC decoding with L
yields inferior performance compared to that with L. SC
decoding with L, shall perform as an addition to the original
SC decoding, aiming to enhance the decoding performance by
providing extra decoding estimations.

Let P = {II;|]s = 0,1,--- ,m! — 1} denote the set of all
bit permutations of component code indices. The SC decoding
performances with each permutation can be evaluated through
simulation. For PSC decoding with a designed output list size
of [, one can select [ best-performing permutations from P to
form a permutation subset Py, where 2 < [ < m!. Based on
each permutation in Py, [ instances of SC-BM or SC-OSD
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decoding can be performed in parallel with the permuted LLR
vectors. They will produce at most [ codeword estimations,
ie., ¢ ¢® ... ¢(=1 Their correlation distances with L

are defined as

AL, e¥)) = > L]

jiLj-(1-22§)<0

7)

The codeword estimation that yield the minimum correlation
distance with L is selected as the decoding output ¢é. The above
PSC decoding is summarized as in Algorithm 1. Note that
SCDecoding(-) is SC-BM or SC-OSD decoding and II;*
the inverse of II;.
Algorithm 1: PSC Decoding of U-UV Codes

Input: L, Py;

Output: ¢;
1 For II; € P,,5s=0,...,
2 | LY =11,(L);
3 zlés) = SCDecoding(Lés));
o | Al =)
5
6

l—1do

Reconstruct é(*) as in (D);
¢ =argming—q, ;1 \(L,e®);

IV. CODE REDESIGN BASED ON PERMUTATION DECODING

In Section II-B, the component code rates of U-UV codes
are designed such that they do not exceed the maximum
transmission rates of their respective polarized subchannels.
Hence, to improve the performance of the proposed PSC
decoding, the component code rates should be redesigned,
since some component code rates can be beyond the maximum
transmission rates of their relocated subchannels in some
permutation decoding instances. In particular, for a U-UV code
with component codes Ury(gy, Unr(1), - -
transmitted through subchannel W;. Since the rate of Upy)
was designed based on the maximum transmission rate of
subchannel Wn(i), it may exceed that of subchannel W, lim-
iting the U-UV code’s performance. Hence, the rate of Ury)
should be readjusted based on the maximum transmission rate
of subchannel W;.

For PSC decoding with a designed output list size of [ and
a permutation set P, if

, Unem—1), Ung) 1s

R; <

min
§=0,---,l—

. R, ) (13)
where 11, € Py, error probability of U; can be arbitrarily small
in all permutation decoding instances. Let R; denote the rate
of the i-th component code of an m-level U-UV code with
rate R'. If the U-UV code is designed based on the approach
introduced in Section II-B,

R, <R, (19)

Hence, to design another m-level U-UV code that satisfies the
conditions of (18), one can set its ¢-th component code rate as

Rf= min (20)

/
5=0, =1 ()"

As a result, the overall code rate R* < R’. Rather than
selecting permutations based on their performances in the
original U-UV codes, the permutation set Py, for the newly
designed U-UV code should instead be optimized to minimize
this rate loss. Hence, permutations that result in least variation
in the component code rates should be adopted. Define

2m—1

D.= Y IRy, — Ril,

=0

2

where II; € P. P, should be formed by [ permutations in P
with smallest Dy.

Therefore, to design an m-level U-UV code with a targeted
code rate of R* for the PSC decoding with a output list size
of [, the design approach can be reformulated as:

1) Design an m-level U-UV code with rate R’ > R* based
on the approach of Section II-B.

2) Select | permutations from P that yield the smallest Dy,
forming the permutation subset Py,.

3) Set R} = ming—q.... j—1 Rhs(i), where II, € Py,.

Note that this approach may not produce a U-UV code with
the exact rate of R*. One can perform it several times with
different R’ to obtain a U-UV code with a rate that is close to
R*.

V. SIMULATION RESULTS

This section shows our simulation results on PSC decoding
of U-UV codes. They are obtained over the additive white
Gaussian noise (AWGN) channel using BPSK modulation,
where noise variance is % and Ny is the single side-band
power spectrum density. The signal-to-noise ratio (SNR) is
defined as F’ where Ej, is the transmitted energy per infor-
mation bit. Note that PSC decoding with [ SC-BM decoding
instances are denoted as PSC-BM (!) and that with [ SC-OSD
decoding instances are denoted as PSC-OSD ().

Fig. 3 shows the frame error rate (FER) of PSC-BM decod-
ing of a 3-level (248,122) U-UV code, which was defined
as C; in Table I. The BM and Chase-BM [31] decoding
performance of the (255, 123) BCH code is also provided, such
that both the U-UV code and the single BCH code have similar
length and rate. Note that Chase-BM decoding that flips the 7
least reliable positions, denoted as Chase-BM (), will perform
BM decoding on 27 test-vectors. Fig. 3 shows that PSC-BM
decoding with | = 2 yields 0.2 dB performance gain at the
FER of 10~° over the SC-BM decoding, while decoding with
| = 4 further increases the gain to 0.25 dB. PSC decoding
of C; can substantially outperform Chase-BM decoding of the
(255,123) BCH code in low-to-moderate SNR region. But in
high SNR region, the BCH code has better performance due to
its minimum distance advantage. Table II further compares the
decoding complexity of the two coding schemes at the SNR
of 5dB. It shows that with the same decoding output list size,
decoding the U-UV code requires less than a tenth of finite
field operations than decoding the BCH code, which is also
conducted over a far smaller finite field.
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TABLE I
EXAMPLES OF BCH BASED U-UV CODES
(N, K) Ug U1 Us Us Uy Us Usg U~ Code design
C1 (248,122) (31,26) (31,26) (31,26) (31,11) (31,21) (31,6) (31,6) (31,0) [13]
Co (504,201) (63,57) (63,39) (63,45) (63,7) (63,39) (63,7) (63,7) (63,0) Proposed
Cs (504,200) (63,57) (63,45) (63,39) (63,16) (63,36) (63,7) (63,0) (63,0) [13]
Cs (504,270) (63,57) (63,51) (63,51) (63,24) (63,51) (63,18) (63,18) (63,0) Proposed
Cs (504,268) (63,57) (63,51) (63,51) (63,30) (63,45) (63,18) (63,16) (63,0) [13]
10° 10°
A.Ci, SC-BM ACy, SC-0SD
A C1, PSC-BM (2) ¢C,, SCL-0SD (2)
LT o1, PSC-BM (4) ©Cs, SCL-0SD (4)
1074 B ABCH (255, 123), BM 50 PSC-08D (2)] ]
-x-BCH (255, 123), Chase-BM (1) =Gy, PSC-OSD (4)
» ‘©BCH (255, 123), Chase-BM (2) LACy, SC-OSD
10 . x-Cs, SCL-OSD (2)| 3
i ;. SCL-0SD (1)
s 0-Cs, PSC-0SD (2)
10°F E l=Cs, PSC-0SD (4)] 4
104k E E
5 | | | | SN 5 N, NN
035 4 45 5 55 6 6.5 0% 25 3 35 4
SNR (dB) SNR (dB)
Fig. 3. Performance comparison between C1 and the (255,123) BCH code. Fig. 4. Performance comparison between Co and Cs.
TABLE II 100 —
DECODING COMPLEXITY COMPARISON BETWEEN C1 AND THE (255, 123) o 08D .
BCH CODE A ¢y, SCL-0SD (1), |
1074 <-Cy, PSC-0SD (2)
C1 Fy5 oper. BCH (255, 123) Fys oper. ( &Cy, PSC-0SD (4)
2 £C;, SC-0SD | ]
SC-BM 1.36 x 103 BM 1.31 x 104 o0 -Cs, SCL-OSD (2)
3 ; 4 w 05, SCL-0SD (4)
PSC—BM(2) 2.70 x 10 Chase—BM(l) 3.57 x 10 s &-Cs, PSC-0SD (2)
PSC-BM(4) 5.38 x 103 Chase-BM(2) 7.14 x 10* 10°%¢ &Cs, PSC-0SD (4) 5
Fig. 4 shows the FER performance of two U-UV codes with 10%¢ 3
different designs under the SC-OSD, SCL-OSD and PSC-OSD
. . -5 I
decoding. Cy is a (504,201) U-UV code constructed based on 1% 25 35 4

the proposed design approach in Section IV. C3 is a (504, 200)
U-UV code constructed based on the design approach in
Section II-B. Their component codes are illustrated in Table 1.
They are all decoded by the OSD with orders that produce a
near ML decoding performance of them individually. It shows
that Co under the SC-OSD decoding exhibits a performance
degradation of 0.35 dB compared to Cs. However, greater
performance gain can be achieved by increasing the output
list size of the PSC-OSD decoding of Cy compared to Cs. It
can be seen that PSC-OSD decoding of Cy with [ = 2 yields
a 0.3 dB performance gain over SC-OSD decoding at a FER
of 1075, while decoding with [ = 4 further increases the gain
to 0.75 dB. Moreover, PSC-OSD decoding of Co with [ = 4
yields a 0.15dB performance gain over SCL-OSD decoding of
C3 with the same output list size at a FER of 1077 .
Similarly, Fig. 5 compares the FER performance of Cy4
and Cs. Their component codes are also illustrated in Table
I. It shows that C4 under the SC-OSD decoding exhibits a
performance degradation of 0.1 dB compared to Cs. But PSC-
OSD decoding of C4 with | = 2 yields a 0.5 dB performance
gain over SC-OSD decoding at a FER of 10~°, while decoding
with [ = 4 further increases the gain to 0.65 dB. Moreover,
the list-two PSC-OSD decoding performance of C4 is even

3
SNR (dB)
Fig. 5. Performance comparison between C4 and Cs.

better than the list-four SCL-OSD decoding performance of
both codes. For C4, PSC-OSD decoding with [ = 4 yields a
0.25 dB performance gain over SCL-OSD decoding with the
same output list size at a FER of 107° .

It should be noted that the list-l PSC-OSD decoding runs
I independent SC-OSD decoding instances in parallel, with-
out any decoding path management. In contrast, SCL-OSD
with the same output list size must maintain and sort [ SC-
OSD decoding paths. Hence, PSC-OSD decoding, combined
with the proposed component code rates design, provides
an effective alternative decoding scheme for U-UV codes,
offering competitive performance without the overhead of path
management.
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